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@ Markov Decision Processes and Approximate Dynamic
Programming

@ Trick 1: Use a lower discount factor

© Trick 2: Use a periodic non-stationary policy
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Markov Decision Process (MDP%

(Puterman, 1994; Bertsekas & Tsitsiklis, 1996; Sutton & Barto, 1998
Controlled and rewarded dynamical system:

X0, 40, ro, X1, 41, N, X2, az, rz, x3, ...

Markov Decision Process (MDP):
e X is the state space,
e A is the action space,
e r: X x A— R is the reward function, (re = r(xe, ar))

e p: X x A— Ax is the transition kernel.  (x¢11 ~ p(-|x¢, ar))

Goal: Find a stationary deterministic policy 7 : X — A that
maximizes the value v, (x) for all x:

vo(x) =E Zytrt xo=x, {Vt, aa =7(x)}|. (v€(0,1))
t=0
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lllustration: Tetris
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Bellman Equations/Operators

e For any policy 7, v, is the unique solution of the Bellman
equation:

Vx, ve(x) = r(x,m(x +’yz Ix, 7())ve(y) < Ve = Tova.

yeX

e The optimal value v, is the unique solution of the Bellman
optimality equation:

vx, v(x) = max (r(x.2) +7 Y pllxAw(y)) & w=Tu.

yeX
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Bellman Equations/Operators

For any policy 7, v, is the unique solution of the Bellman
equation:

Vx, Vﬂ'(X)_r X, 7T +’YZ y|X 7T )Vﬂ(y) & Vo= Tavg.
yeX

The optimal value v, is the unique solution of the Bellman
optimality equation:

¥x, va(x) = max (r(x, a)+7 2(p(y|x, a)v*(y)) & vo=Tv,.
ye

T, :RX = RX and T : RX — RX are y-contraction mappings
w.r.t. the max norm ||v|loc = maxs|v(s)|.

For any v, 7 is a greedy policy w.r.t. v, written 7 = Gv, iff

Vx, m(x) € arg max (r(x, a)+~y Z p(yl|x, a)v(y)) & T,v=Tv.

yeX

Ty = gV*
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Value lteration

Virr < T v

Dynamic Programming Algorithms

Policy Iteration

Tht1 < Gk
Vka1 < (29
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Value lteration

Tkl < gvk
Vi1l < TVk = T,

Tk+1

Dynamic Programming Algorithms

Policy Iteration

Try1 < Gk
Vi V4l < Vo = (Tﬂk+1)oovk
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Dynamic Programming Algorithms

Value Iteration Policy lteration
Tk+1 ¢ Gvk Tht1 < Gvk
Vi1l < TVk = T‘ﬂ'k+1 7% Vi1 < Vi = (T,THI)OOV/(

Modified Policy Iteration (Puterman & Shin, 1978)

Tht1 — GV
Vi1 ¢ (Torp) vk (1<m< o)
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Approximate Dynamic Programming

o [(T:)™v](x) approximated by Monte-Carlo:

[(T7)"V](x) =E z_: Yor(xe ae) + 97V 0m) | X0 = x, {Vt, & = 7(x:)}
t=0
e “v(:) < [Au](-)" approximated by regression:

min, 3 ) 1v() ~ (AP

vEFCRX

where [/E](\x) is an unbiased sample of [Au|(x).
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[ (qk) are represented in F C RXXA]

Approximate MPI

B Tyl “— qu
® g1 (Tores) "0k
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Approximate MPI

[(qk) are represented in F C RXXA] BT Ggk
B Qi1 (qu)mqk

m Policy update =

In any state x, the greedy action is: my1(x) = arg max,ca gk (x, a)
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Approximate MPI

[(qk) are represented in F C RXXA] BT Ggk
B Qi1 (qu)mqk

m Policy update =

In any state x, the greedy action is: my1(x) = arg max,ca gk (x, a)

m Value function update =

@ Point-wise estimation through rollouts of length m:
For 1 < i < N, sample state-action pairs (x(7), a()) ~ p and trajectory
(X(/) a0 5 a0 X(i)) with a) = & ( (i)
) 3 X1 e, 15 Xm t = k+1Xt)

and deduce an unbiased estimate Eg}rl of [(Tﬂkﬂ)m Vk] (><(")7 a(i));

m—1
a7, = r(x®, a0y + Z 7, aD) + 4" g (), T (D))
t=1

@ Generalisation through regression:
gk+1 is computed as the best fit of these estimates in F

N

_— i (i ~i \?
Gir1 = arg min 5 Z (q(x( ),a) — qm)

i=1
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Approximate Algorithms

Value lteration Policy lteration
Thy1 < GV Try1 < GV
Va1 < Tk = Trp 1 Vi Vi1 = Ve = (Trph ) vk

Modified Policy Iteration

The1 < Gk
Vit < (Trpn) ™ vk (1<m< o)
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Approximate Algorithms

App. Value lteration App. Policy lteration
Tht1 < Gk The1 < GVi
Vi1 < Tvi+ex = TTrk+1 Vi + €k Vitl < Vi = (Tﬂkﬂ)oovk aF G

App. Modified Policy Iteration

The1 < GVi
Vit < (Torppn) ™ Vi + €k (1<m< )
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Approximate Algorithms

App. Value lteration App. Policy lteration
The1 < GV Tkl < GV
Vi1 < Tvi+ex = T,rmvk + €k Vitl < Vi = (Tm}l)oovk aF G

App. Modified Policy Iteration

Tkl < GV
Viern < (Tory) Vi + €x (1< m< )

Theorem (Singh & Yee, 1994; Gordon, 1995; Bertsekas & Tsitsiklis, 1996;
Scherrer et al. , 2012; Scherrer et al. , 2015)

Assume ||éx|loo < €. The loss due to running policy 7, instead of the
optimal policy 7, satisfies

lims = < ——e.
el —va e < ope
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@ Trick 1: Use a lower discount factor
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Trick 1

Use a discount factor 3 < v to compute a policy 7 and run (and
evaluate) it on the original y-discounted MDP.

Intuition: find a policy that solves a shorter-horizon (simpler)
problem.
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Trick 1

Use a discount factor 3 < v to compute a policy 7 and run (and
evaluate) it on the original y-discounted MDP.

Intuition: find a policy that solves a shorter-horizon (simpler)
problem.

def . . :
v® = value of policy 7 on problem with discount .

def : o
7¢ = an optimal on problem with discount o ?
= Vo is the optimal value function with discount «

Can we have ||vi = v|| < [Ivi — v | ?
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Theory

Assume w.l.o.g. that ||r|lc = 1.

v = v sl

< W2 =V = v+ s = v
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Theory

Assume w.l.o.g. that ||r|lc = 1.

[vi = v sl
S\W—ﬁ%ﬂﬁ—%Wﬂ&—Xﬂ
- 2

< 2« v— 08 n B .

(1-7@a-p) (@-p)
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Theory

Assume w.l.o.g. that ||r|lc = 1.

[vi = v sl

e L [l (R v;‘fgll + \Iv;fg — vl
v =B 23
< 2 + €
- 1-y1-5) (1-p5)?
2y
—F€
(1—79)?

for ¢ sufficiently big (since 8 < 7)
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© Trick 2: Use a periodic non-stationary policy
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Non-Stationary Value lteration
AVI generates a sequence of values

Vo Vi Vo e Vik—¢ e Vk_2 Vik—1
Tk

15/20



Non-Stationary Value lteration
AVI generates a sequence of values/policies (711 € Gv;)

Vo Vi Vo . Vik—¢ e Vk_»2 Vi1
T T T3 Tk—0+1 Tk—1 Tk
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Non-Stationary Value lteration
AVI generates a sequence of values/policies (711 € Gv;)

Vo Vi Vo . Vik—¢ e Vik—2 Vi1
T T T3 Tk—0+1 Tk—1 Tk

Return the following periodic non-stationary policy

(Ok,0)™ =Tk Th—1 =+ Th—t41 Tk The1 ** Thetgl “-" "

Ok, ¢ last £ policies Ok, ¢ last £ policies
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Non-Stationary Value lteration
AVI generates a sequence of values/policies (711 € Gv;)

Vo Vi Vo . Vik—¢ e Vik—2 Vi1
T T T3 Tk—0+1 Tk—1 Tk

Return the following periodic non-stationary policy

(Ok,0)™ =Tk Th—1 =+ Th—t41 Tk The1 ** Thetgl “-" "

Ok, ¢ last £ policies Ok, ¢ last £ policies

Theorem (Scherrer & Lesner, 2012)

Assume ||éx|loo < €. For all £, the loss due to running the non-stationary
policy (o) instead of the optimal policy 7, satisfies:

2n
limsup [|[vs — V(o )= lloo < /—/6’
- (1= —-9)

k—o0
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Non-Stationary API

API with a non-stationary policy of period /
Tht1 < GV
Vi1 € V(opr ) T+ €k (by solving viy1 =~ To, 1, Vir1)

where Ty = Tg Tg—1 --. T1 g Tg—1 -+ T1 ...
with arbitrary mg, m_1,...7_¢41 and

Vv, T(,Mv =T, T T. v

k=1 T Ve

Output as a function of k:

(02 = (70 71 - Try2 7 pi1)
(O.f)oo = (7T1 T ... T—¢4+3 ’/T,g+2)°o
(05)®° = (mo 71 .. Tpia Tr43)>®
(Uﬁ)oo = (Tk Th—1 -+ Tht42 Tht41)™
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Non-Stationary API

API with a non-stationary policy of period /

The1 < Gvk
Vi1 € V(op1 )~ T €k (by solving viy1 =~ Top 0, Vis1)

where T =Typ Tpg—1 ... T1 T Tp—1 --- T «..
with arbitrary mg, m_1,...7_¢y1 and

T v

Tk—e+1 7"

Vv, TUMV =T, T

g
Theorem (Scherrer & Lesner, 2012)
Assume ||éx|loo < €. The loss due to running the non-stationary policy

(0k.)> instead of the optimal policy 7, satisfies:

lim Sup |[ve = V(g g1 oo < L
P (1-791-7)
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Non Stationary Modified Policy lteration

NS Value Iteration NS Policy Iteration
Thyl < GV Try1 < Gk
Vi1 < Tﬂ-kJrl Vi + €k Vik41 (Tgkﬂvl)oo TTrkJrl Vi + €k
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Non Stationary Modified Policy Iteration

NS Value Iteration NS Policy Iteration
Thyl < GV Try1 < Gk
Vk+1 < Tﬂ-kJrl Vi + €k V41 < (Tgkﬂvl)oo Tﬂwrl Vi + €k

NS Modified Policy Iteration

Tk+1 < GV
Vk+1 < (T0k+1,1/.)mT7fk+1 Vic + €k (0 <m< OO)

17/20



Non Stationary Modified Policy Iteration

NS Value Iteration NS Policy Iteration
Thyl < GV Try1 < Gk
Vk+1 < Tm(“ Vi + €k V41 < (TJHL[)OO ka“ Vi + €k

NS Modified Policy Iteration

Thel < GV
Vk+1<_(T0k<1,z)mT7rk>1Vk+€k (OSmSOO)

Theorem (Lesner & Scherrer, 2015)

Assume |[|e|lco < €. The loss due to running policy (o,¢)> instead of
the optimal policy 7, satisfies

lim sup | lloo < —
imsup ||V — Vi, )= lloo < €.
(oK)= lloo (1—~5H(1—7)

k— 00
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Non Stationary Modified Policy Iteration

NS Value Iteration NS Policy Iteration
Thyl < GV Try1 < Gk
Vk+1 < Tm{ﬂ Vi + €k V41 < (TJHL[)OO ka“ Vi + €k

NS Modified Policy Iteration

Thel < GV
Vk+1<_(T0k<1,z)mT7rk>1Vk+€k (OSmSOO)

Theorem (Lesner & Scherrer, 2015)

Assume |[|e|lco < €. The loss due to running policy (o,¢)> instead of
the optimal policy 7, satisfies

lim sup | lloo < —
imsup ||Vi — Vo, )< |loo < €.
(oK)= lloo (1—~5H(1—7)

k— 00

The algorithms above are algorithms for ¢-periodic MDPs.
Intuition: more degrees of freedom
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Figure: Average error of policy (ok.¢)*

(=1,

Empirical

lllustration
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, ¢ =5,1=10.

per iteration k of NS-AMPI.
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Summary

Markov Decision Processes

Approximate Dynamic Programming
Sometimes, it is easier to solve a problem different from the
original problem:

e Trick 1: a problem with a lower discount factor

e Trick 2: a periodic variation of the problem

Bounds matter!

Trick 1 based on a work with Marek Petrik (Petrik & Scherrer, 2008)
Trikh 2 based on a work with Boris Lesner (Scherrer & Lesner, 2012; Lesner &
Scherrer, 2015)
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lllustration of approximation on Tetris

@ Approximation architecture for the value and for the score (on
which the policy is based)

fo(x) = 6o Constant
+ 01h1(x) + O2ho(x) + - - - + b10h10(X) column height
+ enAhl(X) + 912Ah2(X) + -4 elgAhg(X) hEIght variation
+ 09 max hi(x) max height
+ 01 L(x) # holes

® Sampling Scheme: play games
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Tightness of the bound for AVI

~27e 2y +72)e 2y +72+7)e ~2% e
C% O (O
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Tightness of the bound for AVI

—29e “2Ay+7%)e =27+ + 1) 2y
& W 0 W%
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—2ye

Tightness of the bound for AVI

“2(y+7%)e =20y + 7 +3)e

GG et

1

2
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GG et

—2ye

Tightness of the bound for AVI

“2(y+7%)e =20y + 7 +3)e

1

2

Vo

0

0
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Tightness of the bound for AVI

“2(y+7%)e =27+ +7)e 2
C% YA 0 \ %0
1 2 3 4
Vo 0 0 0 0
%1 —€ 0 0
State 2: 0+ y(—€) = —2ye + e
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Tightness of the bound for AVI

“2(y+7%)e =27+ +7)e 2
& YA 0 \ %0
1 2 3 4
Vo 0 0 0 0
%1 —€ 0 0
State 2: 0+ y(—€) = —2ye + e
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Tightness of the bound for AVI

—2ve “2(y+7%)e =20y + 7 +3)e —29 e
C% o 0 o\
1 2 3 4
Vo 0 0 0 0
%1 —€ 0 0
Vo —ve | —e—ye €+ ye 0

State 2: 0+ y(—¢) = —2ve + ve
State 3: 0+ y(—¢c — y¢) = —2(7 + 7)€ + (e + ve)
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Tightness of the bound for AVI

0 “2e  =2Av+9Re 2749247 2
C% o Ao o W o o\
1 2 3 2
Yo 0 0 0 0
Vi —€ € 0 0
V2 | € | —€ ¢ €+ e 0

State 2: 0+ y(—€) = —2ye + e
State 3: 0+ v(—e — ve) = —2(y +72)e + (e + ve)
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Tightness of the bound for AVI

0 —27e “2(v+9%)e =207 +7* +%)e 2
C% o o Ut W WS
1 2 3 4
Vo 0 0 0 0
Vi —c € 0 0
Vo —ve | —e—ye €+ ye 0
V3 —’726 —’726 —€ — Y€ — ’726 €+ e+ ’er

State 2: 0+ v(—€) = —2ye + e
State 3: 0+ y(—¢ — 7€) = —=2(7 + 7)€ + v(e + ve)

23 /20



Tightness of the bound for AVI

0 —2ve 2y +9%)e —2y+17+7%)e 2
(% o W e W oW
1 2 3 2
Vo 0 0 0 0
Vi —€ € 0 0
Vo | € | e~ 7€ €+ e 0
V3 _726 _726 —6—76—’726 6_~_%+,y2€

State 2: 0+ v(—€) = —2ye + e
State 3: 0+ v(—e — ve) = —2(y +72)e + (e + ve)
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Tightness of the bound for AVI

0 ~27e “2(v+1%)e =2y +72+77)e 2%
Q% o 2o o W oW
1 2 3 4
Vo 0 0 0 0
Vi —c € 0 0
%3 —ve | —e —ve €+ ve 0
V3 7’}/26 f’yze —€ — Y€ — ’}/26 €+ e+ 726

State 2: 0+ y(—¢) = —2ye + e
State 3: 0+ y(—c — v¢) = —=2(y +7?)e + (e + ve)

oo _ ~k _ Ak 2,\/
() =St (22T ) = o YT ko
vt =30 (255 ) =2 e T e
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Tightness of the bound (Lesner & Scherrer, 2015)

0 —27v¢  =2(y+~?)e

o (O

For any m and ¢, NSMPI generates a sequence of policies (7 )x>1
such that 7, acts optimally except in state k.
Thus, (0k¢)™ = (TkTk=1 ... Tk—p+1)"° gets stuck in the loop

k, k+/0—-1, k+/¢-2, k+1, k,
and therefore

2y —
Vig, yoo(k) = —— 11— ¢
A (D)
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