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Markov Decision Process (MDP)
(Puterman, 1994; Bertsekas & Tsitsiklis, 1996; Sutton & Barto, 1998)

Controlled and rewarded dynamical system:

x0, a0, r0, x1, a1, r1, x2, a2, r2, x3, . . .

Markov Decision Process (MDP):
• X is the state space,
• A is the action space,
• r : X × A→ R is the reward function, (rt = r(xt , at))
• p : X × A→ ∆X is the transition kernel. (xt+1 ∼ p(·|xt , at))

Goal: Find a stationary deterministic policy π : X → A that
maximizes the value vπ(x) for all x :

vπ(x) = E

[ ∞∑
t=0

γtrt

∣∣∣∣∣ x0 = x , {∀t, at = π(xt)}
]
. (γ ∈ (0, 1))
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Illustration: Tetris
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Bellman Equations/Operators
• For any policy π, vπ is the unique solution of the Bellman

equation:

∀x , vπ(x) = r(x , π(x)) + γ
∑
y∈X

p(y |x , π(x))vπ(y) ⇔ vπ = Tπvπ.

• The optimal value v∗ is the unique solution of the Bellman
optimality equation:

∀x , v∗(x) = max
a∈A

(
r(x , a) + γ

∑
y∈X

p(y |x , a)v∗(y)
)
⇔ v∗ = Tv∗.

• Tπ : RX → RX and T : RX → RX are γ-contraction mappings
w.r.t. the max norm ‖v‖∞ = maxs |v(s)|.

• For any v , π is a greedy policy w.r.t. v , written π = Gv , iff

∀x , π(x) ∈ arg max
a∈A

(
r(x , a) + γ

∑
y∈X

p(y |x , a)v(y)
)
⇔ Tπv = Tv .

• π∗ = Gv∗
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Dynamic Programming Algorithms

Value Iteration
πk+1 ← Gvk
vk+1 ← Tvk = Tπk+1vk

Policy Iteration
πk+1 ← Gvk
vk+1 ← vπk+1 = (Tπk+1 )∞vk

Modified Policy Iteration (Puterman & Shin, 1978)

πk+1 ← Gvk
vk+1 ← (Tπk+1 )mvk (1 ≤ m ≤ ∞)
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Approximate Dynamic Programming

• [(Tπ)mv ](x) approximated by Monte-Carlo:

[(Tπ)mv ](x) = E

[m−1∑
t=0

γtr(xt , at) + γmv(xm)

∣∣∣∣∣ x0 = x , {∀t, at = π(xt)}
]

• “v(·)← [Au](·)” approximated by regression:

min
v∈F⊂RX

∑
x
µ(x)|v(x)− ̂[Au](x)|p

where ̂[Au](x) is an unbiased sample of [Au](x).
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Approximate MPI�� ��(qk) are represented in F ⊆ RX×A πk+1 ← Gqk

qk+1 ← (Tπk+1 )mqk

Policy update

In any state x , the greedy action is: πk+1(x) = arg maxa∈A qk (x , a)

Value function update

1 Point-wise estimation through rollouts of length m:
For 1 ≤ i ≤ N, sample state-action pairs (x (i), a(i)) ∼ µ and trajectory(

x (i), a(i), x (i)
1 , . . . , a(i)

m−1, x
(i)
m
)

with a(i)
t = πk+1(x (i)

t )
and deduce an unbiased estimate q̂(i)

k+1 of
[(

Tπk+1

)m vk
]

(x (i), a(i)):

q̂(i)
k+1 = r(x (i), a(i)) +

m−1∑
t=1

γt r(x (i)
t , a(i)

t ) + γmqk (x (i)
m , πk+1(x (i)

m ))

2 Generalisation through regression:
qk+1 is computed as the best fit of these estimates in F

qk+1 = arg min
q∈F

1
N

N∑
i=1

(
q(x (i), a(i))− q̂(i)

k+1

)2
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Approximate Algorithms
App. Value Iteration
πk+1 ← Gvk
vk+1 ← Tvk + εk = Tπk+1vk + εk

App. Policy Iteration
πk+1 ← Gvk
vk+1 ← vπk+1 = (Tπk+1 )∞vk + εk

App. Modified Policy Iteration
πk+1 ← Gvk
vk+1 ← (Tπk+1 )mvk + εk (1 ≤ m ≤ ∞)

Theorem (Singh & Yee, 1994; Gordon, 1995; Bertsekas & Tsitsiklis, 1996;
Scherrer et al. , 2012; Scherrer et al. , 2015)

Assume ‖εk‖∞ ≤ ε. The loss due to running policy πk instead of the
optimal policy π∗ satisfies

lim sup
k→∞

‖vπ∗ − vπk‖∞ ≤
2γ

(1− γ)2 ε.
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Trick 1

Use a discount factor β < γ to compute a policy πβ and run (and
evaluate) it on the original γ-discounted MDP.

Intuition: find a policy that solves a shorter-horizon (simpler)
problem.

vαπ
def= value of policy π on problem with discount α.

πα∗
def= an optimal on problem with discount α ?

vα∗ = vαπα∗ is the optimal value function with discount α

Can we have ‖vγ∗ − vγ
πβ
‖ ≤ ‖vγ∗ − vγπγ‖ ?
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Experiment on Tetris (AVI)
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Theory

Assume w.l.o.g. that ‖r‖∞ = 1.

‖vγ∗ − vγ
πβ
‖

≤ ‖vγ∗ − vβ∗ ‖+ ‖vβ∗ − vβ
πβ
‖+ ‖vβ

πβ
− vγ

πβ
‖

≤ 2× γ − β
(1− γ)(1− β) + 2β

(1− β)2 ε

≤ 2γ
(1− γ)2 ε

for ε sufficiently big (since β < γ)
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Non-Stationary Value Iteration

AVI generates a sequence of values/policies (πi+1 ∈ Gvi )

v0 v1 v2 . . . vk−` . . . vk−2 vk−1
π1 π2 π3 . . . πk−`+1 . . . πk−1 πk

Return the following periodic non-stationary policy

(σk,`)∞ = πk πk−1 · · · πk−`+1︸ ︷︷ ︸
σk,`: last ` policies

πk πk−1 · · ·πk−`+1︸ ︷︷ ︸
σk,`: last ` policies

· · · · · ·

Theorem (Scherrer & Lesner, 2012)

Assume ‖εk‖∞ ≤ ε. For all `, the loss due to running the non-stationary
policy (σk,`)∞ instead of the optimal policy π∗ satisfies:

lim sup
k→∞

‖v∗ − v(σk,`)∞‖∞ ≤
2γ

(1− γ`)(1− γ)ε.
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Non-Stationary API

API with a non-stationary policy of period `

πk+1 ← Gvk
vk+1 ← v(σk+1,`)∞ + εk (by solving vk+1 ' Tσk+1,`vk+1)

where π`,` = π` π`−1 . . . π1 π` π`−1 . . . π1 . . .
with arbitrary π0, π−1, . . . π−`+1 and

∀v , Tσk,`v = Tπk Tπk−1 . . .Tπk−`+1v .

Output as a function of k:
(σ`0)∞ = (π0 π−1 . . . π−`+2 π−`+1)∞
(σ`1)∞ = (π1 π0 . . . π−`+3 π−`+2)∞
(σ`2)∞ = (π2 π1 . . . π−`+4 π−`+3)∞

...
...

(σ`k)∞ = (πk πk−1 . . . πk−`+2 πk−`+1)∞
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Non Stationary Modified Policy Iteration
NS Value Iteration
πk+1 ← Gvk
vk+1 ← Tπk+1vk + εk

NS Policy Iteration
πk+1 ← Gvk
vk+1 ← (Tσk+1,`

)∞Tπk+1vk + εk

NS Modified Policy Iteration
πk+1 ← Gvk
vk+1 ← (Tσk+1,`

)mTπk+1vk + εk (0 ≤ m ≤ ∞)

Theorem (Lesner & Scherrer, 2015)

Assume ‖εk‖∞ ≤ ε. The loss due to running policy (σk,`)∞ instead of
the optimal policy π∗ satisfies

lim sup
k→∞

‖v∗ − v(σk,`)∞‖∞ ≤
2γ

(1− γ`)(1− γ)ε.

The algorithms above are algorithms for `-periodic MDPs.
Intuition: more degrees of freedom
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Empirical Illustration
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Figure: Average error of policy (σk,`)∞ per iteration k of NS-AMPI.
` = 1, ` = 2, ` = 5, ` = 10.

18 / 20



Summary

• Markov Decision Processes
• Approximate Dynamic Programming
• Sometimes, it is easier to solve a problem different from the

original problem:
• Trick 1: a problem with a lower discount factor
• Trick 2: a periodic variation of the problem

• Bounds matter!

Trick 1 based on a work with Marek Petrik (Petrik & Scherrer, 2008)
Trikh 2 based on a work with Boris Lesner (Scherrer & Lesner, 2012; Lesner &
Scherrer, 2015)
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Illustration of approximation on Tetris

1 Approximation architecture for the value and for the score (on
which the policy is based)

fθ(x) = θ0 Constant
+ θ1h1(x) + θ2h2(x) + · · ·+ θ10h10(x) column height
+ θ11∆h1(x) + θ12∆h2(x) + · · ·+ θ19∆h9(x) height variation
+ θ20 max

k
hk(x) max height

+ θ21L(x) # holes

2 Sampling Scheme: play games
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Tightness of the bound for AVI
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State 3: 0 + γ(−ε− γε) = −2(γ + γ2)ε+ γ(ε+ γε)

vπk (k) =
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t=0
γt
(
−2γ − γ

k

1− γ ε
)

= −2 γ − γk

(1− γ)2 ε
k→∞−→ − 2γ

(1− γ)2 ε
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Tightness of the bound (Lesner & Scherrer, 2015)

1 2 3 . . . ` `+ 1 `+ 2 . . .

0 −2γε −2(γ + γ2)ε

0 0 0 0 0 0 0

For any m and `, NSMPI generates a sequence of policies (πk)k≥1
such that πk acts optimally except in state k.
Thus, (σk,`)∞ = (πkπk−1 . . . πk−`+1)∞ gets stuck in the loop

k, k + `− 1, k + `− 2, k + 1, k, . . .

and therefore

v(σk,`)∞(k) = − 2γ − γk

(1− γ`)(1− γ)ε.
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