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Markov Decision Process (MDP%

(Puterman, 1994; Bertsekas & Tsitsiklis, 1996; Sutton & Barto, 1998
Controlled and rewarded dynamical system:

X0, 40, ro, X1, 41, N, X2, az, rz, x3, ...

Markov Decision Process (MDP):
e X is the (countable) state space,
e A s the (countable) action space,
e r: X x A— R is the reward function, (re = r(xe, ar))

e p: X x A— Ax is the transition kernel.  (x¢11 ~ p(-|x¢, ar))

Goal: Find a stationary deterministic policy 7 : X — A that
maximizes the value v, (x) for all x:

o0
Ztht

t=0

vo(x) =E xo=x, {Vt, aa =7(x)}|. (v€(0,1))
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lllustration: Tetris
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Bellman Equations/Operators

e For any policy 7, v, is the unique solution of the Bellman
equation:

Vx, ve(x) = r(x,m(x +’yz Ix, 7())ve(y) < Ve = Tova.

yeX

e The optimal value v, is the unique solution of the Bellman
optimality equation:

vx, v(x) = max (r(x.2) +7 Y pllxAw(y)) & w=Tu.

yeX
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Bellman Equations/Operators

For any policy 7, v, is the unique solution of the Bellman
equation:

Vx, Vﬂ'(X)_r X, 7T +’YZ y|X 7T )Vﬂ(y) & Vo= Tavg.
yeX

The optimal value v, is the unique solution of the Bellman
optimality equation:

¥x, va(x) = max (r(x, a)+7 2(p(y|x, a)v*(y)) & vo=Tv,.
ye

T, :RX = RX and T : RX — RX are y-contraction mappings
w.r.t. the max norm ||v|loc = maxs|v(s)|.

For any v, 7 is a greedy policy w.r.t. v, written 7 = Gv, iff

Vx, m(x) € arg max (r(x, a)+~y Z p(yl|x, a)v(y)) & T,v=Tv.

yeX

Ty = gV*
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Value lteration

Virr < T v

Dynamic Programming Algorithms

Policy Iteration

Tht1 < Gk
Vka1 < (29
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Value lteration

Tkl < gvk
Vi1l < TVk = T,

Tk+1

Dynamic Programming Algorithms

Policy Iteration

Try1 < Gk
Vi V4l < Vo = (Tﬂk+1)oovk
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Dynamic Programming Algorithms

Value Iteration Policy lteration
Tk+1 ¢ Gvk Tht1 < Gvk
Vi1l < TVk = T‘ﬂ'k+1 7% Vi1 < Vi = (T,THI)OOV/(

Modified Policy Iteration (Puterman & Shin, 1978)

k1 < Gvk
Vi1 < (Tﬂkﬂ)mvk (1 < m)
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Asynchronous Dynamic Programming
Subsets: X1, Xo,..., Xk, ... Xic X

At each iteration k,
e Either update the value on Xj

Tk+1 = Tk

_ ) [Tavd(x)if x e Xi
Vira(x) = { vk(x) otherwise

e or update the policy on Xj

Tr1(x) = {[ka](x) if x € X

mk(x) otherwise
Vk+1 = Vk

Convergence if all states are updated infinitely often (Bertsekas & Tsitsiklis, 1996).
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(-periodic MDP (Rriis, 1965)

Let £ > 1. Write [t] = t mod £.

At time t, the reward and the transition used are rj;; and pyy:

® rg, My, rr—1, Wwithri : X xA—=>R
® p07p17"‘7p€711With Pi3X><A_>AX
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(-periodic MDP (Rriis, 1965)

Let £ > 1. Write [t] = t mod £.
At time t, the reward and the transition used are rj;; and pyy:

® rg, My, rr—1, Wwithri : X xA—=>R
® p07p17"‘7p€711With Pi3XXA—)AX

An /-periodic MDP is an MDP on
Xx{0,1,....4—1} = XoUXiU---UXp_1
= There exists a deterministic ¢-periodic optimal policy
T = (7 Ty oy Ti—1)

and the optimal decisions are a; = 7r[*t](xt).



(-periodic MDP (Rriis, 1965)
Bellman operators: for all i € {0,1,...,¢— 1},
o Tixv=ri+yPi v
e Tiv=max, T v
ercGyv & Tiv=Tyv

For all t, for all periodic policy @ = (g, 71, ... 7¢—1), the value when
starting at time t satisfies

Vit = T[t]ﬂf[z] T[f+1]~,7f[z+1] s T[t+5*1]-,7f[z+/>1] VIt],w

The optimal value function v* = (vg, v{, ..., v}_;) satisfies
Vt, V[ﬂ;] = T[t] V[>;+1]

and an optimal policy v* = (g, 7{,...,m,_;) is such that
Ty € 91V et
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Dynamic Programming Algorithms

(7T0, T, eevy Tp—2, 71'l—l)

Store in memory:
V= (VOa Vi, ..y V22, VZ*I)

Value lteration

V-] = T— i V[—k+1]
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Dynamic Programming Algorithms

(mo, m1, ..., Tg—2, Te—1)

Store in memory:
V= (VOa Vi, ..y V22, VZ*I)

Value lteration
V-] & Ti-kV—k+1]
Policy lteration

T—k] < G- V—k+1]
V- = V[—kl,m
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Dynamic Programming Algorithms

(mo, m1, ..., Tg—2, Te—1)

Store in memory:
V= (VOa Vi, ..y V22, VZ*I)

Value lteration
T—k] = G-k V—k+1]
V- < T—iqV—k+1] = T—Klim g Vi—k+1]

Policy lteration
T—k] = G- V—k+1]
Vi—kl < Vi—ir = (Tl=kom g - - Tokti=1m e 0) ™ T=Klm g i— k1]
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Dynamic Programming Algorithms

(mo, m1, ..., Tg—2, Te—1)

Store in memory:
V= (VOa Vi, ..y V22, VZ*I)

Value lteration

T—k] = G-k V—k+1]
V- < T—iqV—k+1] = T—Klim g Vi—k+1]

Policy lteration

T—k] = G- V—k+1]
V=K ¢ Vi=Kl,r = (T[=Klmg - - Tkt =1 i)™ Tk g I—k+1]

Modified Policy Iteration (m > 0)
T—k] < G- V—k+1]
Vi—kl < Vi—ior = (Tl -+ Tki—1m )" =Ko Vi—k+1]
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Approximate Dynamic Programming

o [(T:)™v](x) approximated by Monte-Carlo:

m—1
(7.)" E |3 2, ae) + 97 (om) | x0 = x, {92, 2 = ()}
t=0

e "“v(-) < [Au](-)" approximated by regression:

min 3 HCAIV) ~ (AP

vEFCRX

o "“m(:) < [Gf](-)" approximated by (cost-sensitive)
classification

min Zu (mgx[Taf](x) — [Tﬁf](x))

reMcAX
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Approximate Algorithms (stationary)

Value lteration Policy lteration
Thy1 < GV Try1 < GV
Va1 < Tk = Trp 1 Vi Vi1 = Ve = (Trph ) vk

Modified Policy Iteration

Tht1 < Gwk
Viert <= (T ,) Vi (1< m)
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Approximate Algorithms (stationary)

App. Value lteration App. Policy lteration
Tht1 < Gk The1 < GVi
Vi1 < Tvi+ex = TTrk+1 Vi + €k Vitl < Vi = (Tﬂkﬂ)oovk aF G

App. Modified Policy Iteration

Thy1 & GV
Vik+1 (T,rkﬂ)’"vk + €k (1 < m)
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Approximate Algorithms (stationary)

App. Value lteration App. Policy lteration
The1 < GV Tkl < GV
Vi1 < Tvi+ex = T,rmvk + €k Vitl < Vi = (Tm}l)oovk aF G

App. Modified Policy Iteration

Tht1 < Gk
Vit < (Torppn) ™ Vi + €k (1< m)

Theorem (Singh & Yee, 1994; Gordon, 1995; Bertsekas & Tsitsiklis, 1996;
Scherrer et al. , 2012; Scherrer et al. , 2015)

Assume ||éx|loo < €. The loss due to running policy 7, instead of the
optimal policy 7, satisfies

lims = < ——e.
el —va - < pe
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Approximate Algorithms (periodic)

App. Value Iteration App. Policy Iteration
M=k < G-k Vi—k+1] M=k 4= G-k Vi—k+1]
V[—k] & T[*k]ﬂT[—k] V[—k+1] T €k V[—K] < V[—k],x T €k

App. Modified Policy Iteration (0 < m)
M=k < G-k Vi—k+1]
=k = (Tikmg - Tiketi=1lm o)™ Tl k1] T €
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Approximate Algorithms (periodic)

App. Value Iteration App. Policy Iteration
M=k < G-k Vi—k+1] M=k 4= G-k Vi—k+1]
V[—k] & T[,k]7.,r[7k] V[—k+1] T €k V[—K] < V[—k],x T €k

App. Modified Policy Iteration (0 < m)

M=k < G-k Vi—k+1]
Vi—k] < (T[_k]vﬂ'[—k] 200 T[—k+/—1]-,7f[fk+/71])m T[_k]rﬂ[fk] Vi—k+1] + €k

Theorem

Assume ||éx|loo < €. Asymptotically, the loss due to running the policy 7
produced instead of the optimal policy 7, satisfies:
2y

VO<i<l |[Vimr —Virlloo < .
| le < 7=

15/20



The non-stationary trick

e The bigger the period ¢, the better the bound m
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The non-stationary trick

e The bigger the period ¢, the better the bound (7)’(1_ﬁ) .

e Any stationary MDP is a /-periodic MDP for any ¢ > 1
(Scherrer & Lesner, 2012; Lesner & Scherrer, 2015; Perolat et al. , 2016)
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The non-stationary trick

2~

e The bigger the period ¢, the better the bound (===

€

e Any stationary MDP is a /-periodic MDP for any ¢ > 1
(Scherrer & Lesner, 2012; Lesner & Scherrer, 2015; Perolat et al. , 2016)

e Any /-periodic MDP is a £¢'-periodic MDP for any ¢/ > 1
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Tightness of the bound for m=0,/=1

_~k

0 ~27e 2y +72)e 2y +72+7)e —2e
o %‘x ﬁx o

(% o \J 0o \_J o
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Tightness of the bound for m=0,/=1

0 ~2y¢ “2(y+2)e ~2Ay+2+77)e —2e
e e (Y (e ()
& 0o U/ 0o \_J o
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Tightness of the bound for m=0,/=1

0 ~2y¢ “2(y+2)e ~2Ay+2+77)e —2e
C% o 2/ BRI
1 2 3 4
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Tightness of the bound for m=0,/=1

0 —29e “2Ay+7%)e =27+ + 1) 2y
C% o 2/ BRI
1 2 3 4
Vo 0 0 0 0
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Tightness of the bound for m=0,/=1

2 2 2y +9%)e =2y +77+77)e 2
C% RN AU

Vo 0 0 0 0

Vi —€ € 0 0

State 2: 0 + y(—¢) = —2ye + e
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Tightness of the bound for m=0,/=1

2 —2e “2(v+1%)e 2+ +77)e —2 e
(% —(2) o

Vo 0 0 0 0

Vi —€ € 0 0

State 2: 0 + y(—¢) = —2ye + e
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Tightness of the bound for m=0,/=1

2 —2re 27+ 2y +92+77)e 2
(% () (e

Vo 0 0 0 0

Vi —€ 0 0

v | —ve [—e—qe | ete 0

State 2: 0 + y(—¢) = —2ye + e
State 3: 0+ y(—¢ —ve) = =2(y +7%)e + (e + ve)
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Tightness of the bound for m=0,/=1

0 “2e  =2Av+9Re 2749247 2
C% o Ao o W o o\
1 2 3 2
Yo 0 0 0 0
Vi —€ € 0 0
V2 | € | —€ ¢ €+ e 0

State 2: 0+ y(—€) = —2ye + e
State 3: 0+ v(—e — ve) = —2(y +72)e + (e + ve)

17 /20



Tightness of the bound for m=0,/=1

0 —27e “2(v+9%)e =207 +7* +%)e 2
C% o o Ut W WS
1 2 3 4
Vo 0 0 0 0
Vi —c € 0 0
Vo —ve | —e—ye €+ ye 0
V3 —’726 —’726 —€ — Y€ — ’726 €+ e+ ’er

State 2: 0+ v(—€) = —2ye + e
State 3: 0+ y(—¢ — 7€) = —=2(7 + 7)€ + v(e + ve)
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Tightness of the bound for m=0,/=1

0 —2ve 2y +9%)e —2y+17+7%)e 2
(% o W e W oW
1 2 3 2
Vo 0 0 0 0
Vi —€ € 0 0
Vo | € | e~ 7€ €+ e 0
V3 _726 _726 —6—76—’726 6_~_%+,y2€

State 2: 0+ v(—€) = —2ye + e
State 3: 0+ v(—e — ve) = —2(y +72)e + (e + ve)
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Tightness of the bound for m=0,/=1

0 ~27e “2(v+1%)e =2y +72+77)e 2%
Q% o 2o o W oW
1 2 3 4
Vo 0 0 0 0
Vi —c € 0 0
%3 —ve | —e —ve €+ ve 0
V3 7’}/26 f’yze —€ — Y€ — ’}/26 €+ e+ 726

State 2: 0+ y(—¢) = —2ye + e
State 3: 0+ y(—c — v¢) = —=2(y +7?)e + (e + ve)

oo k k
v Y=Y koo 2y
k) = t{ -2 =211 =
vt =30 (255 ) =2 e T e
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Tightness of the bound (Lesner & Scherrer, 2015)

0 —27v¢  =2(y+~?)e

o (O

For any m and ¢, ADP generates a sequence of policies (m[_4])k>1
such that 7_) acts optimally except in state k.
Thus, the resulting policy m = (7o, ..., m¢—1) gets stuck in the loop

k, k+/0—-1, k+/¢-2, k+1, k,
and therefore

2y — ok

a0 =0 )

€.
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Simulations

m=2 m=5
140 140 140
120 120 120
100 100 100
80| 80| 80|
60| 60| 60|
40, 40| 40
20| 20| 20|
10 20 30 40 10 20 30 40 10 20 30 40 0
m=10 m=25 m=50
140 140 140|
120 120 120
100 100 100
80| 80| 80|
60| 60| 60|
40 40 40,
20| 20| 20|
10 20 30 40 10 20 30 40 10 20 30 40 0
m=100 m=300 m=inf
140) 140 140
120 120 120
100} 100 100
80| 80| 80
60| 60| 60|
40 40, 40,
20| 20| 20|
10 20 30 40 10 20 30 40 10 20 30 40 0

Figure: Average error of policy m per iteration k ADP. / =1,

¢=5,¢=10.

19/20



Conclusion

This talk

e Periodic Markov Decision Processes

e The bigger the period, the better the (tight) performance
guarantee

e (Stationary) MDPs are also periodic MDPs

Beyond deterministic stationary policies

e periodic deterministic policies

e probabilistic policies (Conservative Policy Iteration) (Kakade &
Langford, 2002)
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lllustration of approximation on Tetris

@ Approximation architecture for the value and for the score (on
which the policy is based)

fo(x) = 6o Constant
+ 01h1(x) + O2ho(x) + - - - + b10h10(X) column height
+ enAhl(X) + 912Ah2(X) + -4 elgAhg(X) hEIght variation
+ 09 max hi(x) max height
+ 01 L(x) # holes

® Sampling Scheme: play games
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